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Abstract. Forman introduced discrete Morse theory as a tool for studying 
CW complexes by collapsing them onto smaller, simpler-to-understand com- 
plexes of critical cells in [Fo]. Chari reformulated discrete Morse theory for 
regular cell complexes in terms of acyclic matchings on face posets in [Ch]. 
This paper addresses two questions: (1) under what conditions may several 
gradient paths in a discrete Morse function simultaneously be reversed to can- 
cel several pairs of critical cells, to further collapse the complex, and (2) how to 
use lexicographically first reduced expressions for permutations (in the sense 
of [Ed]) to make (1) practical for poset order complexes. 

Applications include Cohen-Macaulayness of a new partial order, recently 
introduced by Remmel, on the symmetric group (by refinement on the under- 
lying partitions into cycles) as well as a simple new proof of the homotopy 
type for intervals in the weak order for the symmetric group. Additional ap- 
plications appear in [HW]. 



1. Introduction 

Forman introduced discrete Morse theory in [Fo] as a tool for studying the homo- 
topy type and homology groups of finite CW-complexes. In joint work with Babson, 
we introduced a way of constructing a "lexicographic discrete Morse function" for 
the order complex of any finite poset with and 1 from any lexicographic order on 
its saturated chains [BH]. Lexicographic discrete Morse functions have a relatively 
small number of critical cells: when one builds the complex by sequentially attach- 
ing facets in lexicographic order, each facet introduces at most one new critical cell; 
facets leaving the homotopy type unchanged do not contribute any new critical 
cells. The most natural of poset edge-labellings and chain-labellings seem to yield 
lexicographic discrete Morse functions in which one may easily give a systematic 
description of critical cells, but typically not minimal Morse functions. 

The purpose of the present paper is to provide tools for "optimizing" discrete 
Morse functions by cancelling pairs of critical cells, both in general and specifically 
in lexicographic discrete Morse functions. We do not address the very interest- 
ing question of how to turn an arbitrary discrete Morse function into an optimal 
one, but rather provide tools that seem to work well at turning very natural dis- 
crete Morse functions on complexes that arise in practice, especially on poset order 
complexes, into ones with smaller Morse numbers (and often into optimal Morse 
functions). In examples, we have used these tools to establish homotopy type and 
connectivity results and for proving that posets are Cohen-Macaulay, without need- 
ing to find a shelling. Using our machinery typically seems to require somewhat 
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lengthy proofs, but this is because there are several things one needs to check, each 
of which is often straightforward. 

Our main results as far as machinery for constructing discrete Morse functions 
are: (1) that a pair of critical cells t, cr in a lexicographic discrete Morse function 
may be cancelled whenever there is a certain type of gradient path from r to cr, 
by virtue of a correspondence between gradient paths and certain types of reduced 
expressions for permutations, and (2) a criterion for reversing several gradient paths, 
each of which is individually reversible, to cancel several pairs of critical cells. Along 
the way, we introduce the notion of a least-content-increasing labelling, a class of 
labellings for which critical cell cancellation seems to be particularly manageable. 
We also provide an elementary new proof of the homotopy type for intervals in 
weak order of the symmetric group, a new characterization for lexicographically 
first reduced expressions for permutations which was needed to prove (1), and we 
show that discrete Morse functions interact well with filtrations. 

Finally, we apply the above results to prove that two posets are homotopically 
Cohen-Macaulay: the poset q) of collections of independent lines in a finite 

vector space, and the poset lis-,,, of partitions of {1, . . . , «,} into cycles. The former 
is the face poset of a matroid complex, and so is well-known to be shellable (see 
[Bj2]), but is included to illustrate on a familiar example a strategy for construct- 
ing and optimizing a discrete Morse function that has also worked on much more 
complex examples. The latter poset was recently defined by Remmel as a new par- 
tial order on permutations in 5„. See [HW] for a much harder application of our 
machinery to monoid posets. [HW] provides a connectivity lower bound for finite 
intervals in the partial order by divisibility on the monomials in the coordinate 
ring for a toric variety, in terms of the degree of any Grobner basis for its toric 
ideal of syzygies; this yields information about Tor groups, via a result of [LS] (see 
also [PRS], [HRW]). The monoid posets in [HW] and a GZ/(n, g)-analogue of the 
partition lattice (defined by Shareshian) both break into subposets that are much 
like apartments; these "apartments" have labellings called least-contcnt-increasing 
labellings (see Section 6) that are particularly amenable to critical cell cancella- 
tion. An observation from [HW] allows cancellation of critical cells within these 
subposets, using features of least-content-increasing labellings that we will develop 
in Section 6, despite the fact that we do know how to constuct such a well-behaved 
labelling for these posets globally. Thus, properties of least-content-increasing la- 
bellings may be useful for critical cell cancellation even in posets that do not possess 
such a nice global labelling. 

We begin with a review of discrete Morse theory, but first we quickly recall ter- 
minology related to reduced expressions for permutations, since these will play a 
prominent role as a way of describing and analyzing gradient paths in lexicographic 
discrete Morse functions. Recall that any permutation may be expressed as a prod- 
uct of adjacent transpositions. Denote by Si the adjacent transposition swapping i 
and i + An inversion in a permutation tt is a pair («, j) with i < j,Tr{i) > ■7r(j). 
A reduced expression for tt is a product of adjacent transpositions of smallest 
possible length, namely one in which each of the adjacent tranpositions increases 
the number of inversions by exactly one. Any two reduced expressions for the same 
permutation are connected by a series of braid relations, i.e. relations of the form 
Si o Sj = Sj o ,Sj for li — ij > 1 and ,Sj o ,s,;+i o ,Sj = ,s,;+i o ,Sj o ,s,;+i. Sec [Hmn] or [Ga] 
for more about reduced expressions for permutations. In our setting, permutations 
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in Sn will act by permuting the positions of labels in a label sequence of lenth n, 
so Si will swap the i-th and {i + l)-st labels. 

Forman introduced discrete Morse theory for CW complexes in [Fo] , then Chari 
provided a combinatorial reformulation for regular cell complexes in [Ch]. Most 
discrete Morse functions in the literature have used this combinatorial reformu- 
lation, in which one constructs an "acyclic matching" on the face poset of the 
complex. Let a^"^^ denote a cell of dimension d. Forman defines a function / which 
assigns real values to the cells in a regular cell complex to be a discrete Morse 
function if for each cell cr^'^\ the sets {t^^"^') C ct^'^) |/(r(''-i)) > ficr^'^'>)} and 
3 < /(cr('i))} each have cardinality at most one. Requiring 

this for every a implies that for each a, at most one of these cardinalities is nonzero. 
When both cardinalities are 0, a is called a critical cell. 

Figure 1 gives an example of a discrete Morse function on a 1-sphere resulting 
from a height function. Critical cells record changes in topological structure as a 
complex is built by sequentially inserting cells in the order specified by the Morse 
function; the non-critical cells may be eliminated by a series of elementary collapses 
without changing the homotopy type or homology groups. The non-critical cells 
in a discrete Morse function always come in pairs cr^P^ C t^p+^'I which prevent 
each other from being critical by satisfying /(cr) > /(r). The elementary collapses 
eliminate these pairs of non-critical cells, using the fact that cr is a free face of r 
in a certain partial complex (see Section 2 for more detail). Any discrete Morse 
function on a regular cell complex gives rise to a matching on its face poset, by 
pairing up non-critical cells that prevent each other from being critical and leaving 
critical cells unmatched. Recall that the face poset of a regular cell complex is 
the partial order on cells using comparability relations cr < r for each a in the 
boundary of the closure of r. 




Figure 1. A discrete Morse function 

Definition 1.1 (Chari). A matching on (the Hasse diagram of) the face poset of a, 
regular cell complex is acyclic if the directed graph obtained by directing matching 
edges upward and all other edges downward has no directed cycles. Recall that 
the Hasse diagram of a poset is the gra,ph whose vertices are poset elements and 
whose edges are covering relations, i.e. comparabilities u < w such that there is no 
intermediate element v satisfying u <v < w. 

Observe that the face poset matching resulting from a discrete Morse function is 

always acyclic, because the edges arc oriented in the direction in which / decreases. 
Conversely, many different (but in some sense equivalent) discrete Morse functions 
may be constructed from any face poset acyclic matching. 
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Remark 1.2. Given an acyclic matching on a facet poset with n elements, the 
corresponding discrete Morse functions are the points in a cone in M" hounded by 
hyperplanes Xi = xj coming from pairs of comparable poset elements Vi < vj . The 
acyclic matching determines which side of each hyperplane contributes to the cone, 
and its acyclicity ensures that the cone is non-empty. 

See Figure 2 for the acyclic matching corresponding to the discrete Morse func- 
tion of Figure 1. 

2 2 5 6 




13 4 4 
Figure 2. An acyclic matching 

Let TUi be the number of critical cells of dimension i in a discrete Morse function 
on A, and let 6; denote the Betti number recording the rank of Hi{A). By con- 
vention, we include the empty set in our face poset, so as to get a reduced version 
of discrete Morse theory, and we let m,, bi denote the reduced Morse numbers and 
reduced Betti numbers, respectively. Forman showed in [Fo] that A collapses onto 
a CW-complex which has rui cells of dimension i for each i, such that A*^ is 
homotopy equivalent to A. The existence of such a complex A^ implies that the 
following results from traditional Morse theory, the first two of which are called the 
Morse inequalities, carry over to discrete Morse theory. Critical cells of dimension 
i will play the role of critical points of index i. 

(1) rhj > bj for -1 < j < dim{A) 

(2) E£d(-l)'^J-* > Eilli-'^yij-i for < j < dim{A), with equality 
achieved when j = dim (A) 

(3) If m, = for i >0, then A is collapsible. 

(4) If TTii = for all i ^ j for some fixed j, then A is homotopy equivalent to 

a wedge of j-spheres. 

Remark 1.3. Another consequence of the homotopy equivalence of A to such a 
complex A'^ is that any A with mj(A) = for i < j is {j — l)-connected. 

Figure 1 gives an example of a discrete Morse function with bo = bi = 1 and 
mo = mi = 2. Letting /(0) = 1.5 turns this into a reduced discrete Morse function 
with bo = 0,mo = &i = 1 and mi = 2. The Morse numbers are larger than the 
Betti numbers because there is a critical cell of dimension that is labelled 4 which 
locally looks as though it is creating a new connected component as the complex 
is built from bottom to top and there is a critical cell of dimension one that is 
labelled 5 which locally appears to be closing off a 1-cycle, but these two critical 
cells actually cancel each other's effect. 

Recall that the order complex of a finite poset P with and 1 is the simplicial 
complex, denoted A(P), whose i-faces are chains < vo < • ■ • < Vi < 1 of compara- 
ble poset elements. Since x(A(P)) = /ip(0, 1) (cf. [Ro]), a discrete Morse function 
on A{P) gives a Mobius function expression /xp(6, i) = Y^^Iq '^^^ 
original motivations of [BH]. A poset is homotopically Cohen-Macaulay if each 
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interval is homotopy-equivalent to a wedge of spheres of top dimension. This imphes 
Cohen-Macaulayness of A(P) over any field, and that A(P is simply-connected. 

Remark 1.4. A shelling (see [Bj3] for background) immediately implies the ex- 
istence of a discrete Morse function whose (reduced) critical cells are all top- 
dimensional (cf. [Ch], [BH]). However, discrete Morse functions may also give 
information about simplicial complexes and CW-complexes that are not shellable. 

For discrete Morse functions on non-regular CW-complexes, Forman also requires 

/(cr) < /(r) whenever cr is a non-regular face of r. It is not clear a priori how to 
define a face poset for non-regular CW-complexes: for instance, one face may be 
incident to another in multiple ways (e.g. the real projective plane, viewed as a 
CW-complex with one O-ccU. one 1-ccll and one 2-ccll), or a cell may differ in 
dimension from top-dimensional cells in its boundary by more than one (e.g. a 
2-sphere, viewed as a CW-complex with a 0-cell and a 2-cell). In Section 2, we use 
gradient paths in A to construct a multi- graph version of a face poset, denoted P'^ , 
for the (potentially non-regular) CW-complex A^, and we provide an analogue to 
Chari's acyclic matching construction. 

Forman shows that whenever a discrete Morse function has two critical cells (t'^p^ 
and t'^P'^^^ such that there is a unique gradient path from t to a (i.e. a path upon 
which / decreases at each step), then one may obtain a new acyclic matching in 
which a and t are no longer critical by reversing this gradient path, since doing 
so cannot create any directed cycles. Such a reversal for instance straightens the 
1-sphere in Figure 1 into one in which two of the critical cells have been eliminated. 
On the other hand, the minimal Morse numbers for the dunce cap are strictly larger 
than its Betti numbers, reflecting the fact that it is contractible but not collapsible. 

In practice, we often need to reverse several gradient paths simultaneously, to 
cancel several pairs of critical cells. Section 2 shows that any acyclic matching on 
the multi-graph face poset specifies a collection of gradient paths that may 
be simultaneously reversed to obtain a larger acyclic matching on the original face 
poset -F(A). Section 3 shows how filtrations may be helpful for constructing acyclic 
matchings. Sections 4 and 6 focus more specifically on discrete Morse functions 
for poset order complexes. Section 4 briefly reviews from [BH] how to construct a 
discrete Morse function with relatively few critical cells for the order complex of 
any finite poset with and 1 using any lexicographic order on its saturated chains. 
As an application, we give a short new proof of the result from [EW] that every 
interval in the weak order for the symmetric group is homotopy equivalent to a ball 
or to a sphere of a certain dimension. Section 6 shows how reduced expressions for 
permutations may be used in lexicographic discrete Morse functions to prove that 
a gradient path from one critical cell to another is unique, allowing the path to be 
reversed to cancel a pair of critical cells. Along the way, a new characterization is 
given for lexicographically flrst reduced expressions for permutations in Section 5. 

For the most part, Sections 2-6 may be read in any order, except that Section 4 
is prerequisite to Section 6. We will carry the example of a specific monoid poset 
through the whole paper. Section 7 illustrates our machinery on the poset of inde- 
pendent sets in a matroid. Section 8 proves that a partial order on permutations, 
defined by Jeff Remmcl (personal communication), is Cohcn-Macaulay. 

Question 1.1. Our focus is on homotopy type, hut is there also a notion of rank- 
selected lexicographic discrete Morse functions for graded posets which may be used 
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(at least for sufficiently nice posets) to compute flag h-vectors? Perhaps the poset 
of Section 7 would be a good first example to keep in mind while developing such a 
notion. 

2. Cancelling critical cells via acyclic matchings on 

Recall from [Fo] that if there is a unique gradient path from a critical cell r^^^^^ 
to a critical cell ct*^^-', then this path may be reversed to obtain a new discrete Morse 
function in which the two cells are no longer critical (similar to the situation with 
traditional Morse functions). We say that these critical cells cancel. Reversing the 
path cannot create any directed cycles, by virtue of the uniqueness of the gradient 
path from r to a. To see that we still get a matching, notice that the vertices 
along the path were all matched with other vertices along the path, and we have 
just redistributed how these are paired so as to incorporate the cndpoints. This 
section addresses the question of when may several gradient paths be simultaneously 
reversed to cancel several pairs of critical cells. 

Forman showed in [Fo] that a discrete Morse function gives a way of collapsing a 
regular cell complex A onto a CW complex A*'^ of critical cells such that A ~ A-*^. 
Proposition 2.1 and Theorem 2.3 together will give conditions under which several 
gradient paths may simultaneously be reversed, by analyzing the relationship be- 
tween face incidences in A^ and gradient paths in A. In a sense, these results 
extend Chari's acyclic matching reformulation for discrete Morse theory from sim- 
plicial complexes to CW complexes which are obtained from regular CW-complexes 
by elementary collapses. In particular, this may sometimes allow one to find an 
acyclic matching on the complex for a non-optimal discrete Morse function in 
order to further collapse the complex. 

In [Ko], Kozlov observed that whenever the critical cells from a discrete Morse 
function form a subcomplex A*^ of the original complex A, then A*^ = A^ and 
there is a sequence of elementary collapses leading from A to A^^. However, the face 
incidences in A^ are not well-understood in general. In some sense, this section 
analyzes how the process of collapsing A onto a homotopy equivalent complex A^ 
alters face incidences among critical cells. To this end, we first review the collapsing 
procedure resulting from an acyclic matching, as described very explicitly by Kozlov 
in [Ko, Theorem 3.2]. 

Kozlov constructed A*^ from the empty complex by sequentially attaching cc^lls 
in a way that illustrates how A collapses onto A^^, as follows. At each step, attach 
a single cell not yet in the complex, all of whose faces have already been attached. 
Choose any such cell ci, and if it is critical then glue it to the complex. Otherwise, 
ci is matched with a cell c[, and by virtue of our insertion procedure, ci will be 
in the boundary of c[. If Ci is the only cell in the boundary of c[ that has not 
yet been inserted, then we may attach the cells ci, c'^ to the complex both at once 
without changing the homotopy type. This is because Ci is a free face of c'j^, enabling 
an elementary collapse to eliminate ci,c[ as we construct A^. Kozlov used the 
acyclicity of the matching to show that there is an attachment order for cells which 
allows each matched pair of non-critical cells to be inserted both at once with one 
a free face of the other, and hence collapsed away. 

Observe from these elementary collapses that a critical cell ct^p^ will be incident 
to a critical cell t'^P'^^^ in A*^ if there is a gradient path from r to cr in the discrete 
Morse function on A. Each such gradient path gives a distinct way in which a is 
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incident to r in A^^, implying that a is not a regular face of r unless there is a 
unique gradient path from r to a. 

Recall from [Mu] that any CW complex M is equipped with characteristic maps 
hr B ^ M sending a closed ball B of dimension p + 1 to t^p+'^) . A face is 
a regular face of t if (1) the restriction of h to h~^{<j) is a homeomorphism and 
(2) the closure h^^{a) is a closed p-ball. If all face incidences in a CW complex 
are regular, then the complex is a regular CW complex. Regular cell complexes 
include all simplicial complexes and boolean cell complexes (as defined and studied 
in [Bjl], [GS], [St]). On the other hand, the minimal CW complexes for a 2-sphere 
and the real projective plane have non-regular faces, as discussed in Section 1. 

An irregular face occurs in A*^, for example, if two different p-faces of t^p+'^^ 
in A get identified with the same face a through a series of elementary collapses 
leading from A to A^. On the other hand, if there is a directed path in F{A) 
from a critical cell t^p+^^ to a critical cell cr'^^ for q < p, and this path does 
not pass through any critical cells of intermediate dimension, then this is another 
circumstance under which cr is a non-regular face of t in A^. 

With these observations in mind, we define the multi-graph face poset, de- 
noted , for the complex A*'^ of critical cells as follows: 

(1) The vertices in are the cells in A*^, or equivalently the critical cells in 
the discrete Morse function M on A. 

(2) There is one edge between a pair of cells ij(p),t(^'+^) of consecutive dimen- 
sion for each gradient path from r to a. 



4 




Figure 3 gives an example of a discrete Morse function M on a regular cell 
complex A, together with the non-regular CW complex A*^ onto which A collapses 
and its multi-graph face poset P^ . Recall that the discrete Morse function in 
Figure 1 was optimizable by reversing a single gradient path. Figure 4 shows its 
multi-graph face poset, with critical cells labelled by their Morse function values. 
Note that any one of the four gradient paths between pairs of critical cells may be 
reversed to obtain an optimal Morse function. 



5 6 
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Figure 4. A multi-graph face poset 
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Forman required /(cr) < /(r) for / to be a discrete Morse function on a complex 
in which cr is a non-regular face of r. Notice that any discrete Morse function on the 
CW complex A*'^ gives rise to an acyclic matching on P'^ , by again orienting edges 
in the direction in which / decreases; by Forman's requirement, we will never match 
faces o-^f^T^P+i) which are incident in multiple ways or which differ in dimension 
by more than one. The remainder of this section will verify the converse, that any 
acyclic matching on implies the existence of a discrete Morse functions on 
whose critical cells are the elements of P^ left unmatched. Our approach is to use 
the matching on P^ to construct an acyclic matching on f (A) with exactly these 
critical cells, by showing that (in some sense) we may simultaneously reverse the 
gradient paths giving rise to the matching on P^. 

Proposition 2.1. Let M he a discrete Morse function such that there is a unique 
gradient path 7^ from critical cell Ti of dimension di to critical cell (Ji of dimension 
di — 1 for 1 < i < r. If there are no permutations tt € Sr other than the identity 
such that there is a gradient path from n to a^^^i) for 1 <i <r, then reversing the 
gradient paths 7, will not create any directed cycles. 

Proof. It suffices to restrict attention to permutations tt with a single cycle of size 

larger than one and all other cycles of size exactly one. Let us momentarily assume 
that the gradient paths are non-overlapping. When r = 2, we can reverse both 
gradient paths 71,72 without creating any directed cycles unless there is a cycle 
involving the reversals of both 71 and 72; any cycle involving only one of these 
reversals would contradict the reversability of 71 , 72 individually. The existence 
of a cycle involving 7[^'' and 72*^" would imply that 7, has elements v,,i,Uj,2 for 
1 = 1,2 such that the original digraph has paths from from ui.i to W2,2, from 772.1 to 
vi^2^ and from Vi^i to Vi^2 for i = 1,2. This is because any cycle would necessarily 
include segments Vi^2 — > t^i.i for i = 1,2 in the reversal of 7j. Thus, we obtain 
directed paths ti wi i V2.2 — > <^2 and T2 V2.1 fi.2 ^ in the original 
directed graph. This contradicts the identity being the unique permutation tt with 
gradient paths from Ti to a„(^i) for each i. It is possible that a directed cycle visits 
the reversal of paths ji several times, but as long as there is at least one visit to 7i 
we get the desired directed paths from Ti to Oj^^^iy 

We deal with larger r in a similar fashion. That is, suppose there is a directed 
cycle involving the reversals of gradient paths 71, . . . , 7^. This cycle can be used to 
construct an alternate set of gradient paths from ri, to cti, ctj., similarly 
to the r = 2 case. 

Now suppose some edge is shared by two different gradient paths 7, and 7j . Then 
the first and last edges shared by 7^ , 7^ must be oriented upward by matching, so 
that their endpoints are each only in a single matching edge. Thus, we get gradient 
paths from Ti to aj and Tj to ai by switching gradient paths at the shared edge, 
implying the existence of a transposition tt meeting the hypotheses. □ 

Remark 2.2. One way to ensure that a collection of gradient paths 71,..., 7^ 
which are individually reversible will satisfy the requirements of Proposition 2.1 is 

for the discrete Morse function / to satisfy /(tj) < /(ctj) for each pair i < j. This 
more stringent requirement is used, for instance, in [BH]. 

Theorem 2.3. Any acyclic matching on P^ gives rise to a discrete Morse function 
for A in which the critical cells of A are the unmatched elements of P^ . 
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Proof. Let M bo the original acyclic matching on F{A) that gave rise to the 
complex A^^ of critical cells and its multi-graph face poset . We must show 
that simultaneously reversing all the gradient paths in -F(A) which correspond to 
edges in an acyclic matching for will give a new acyclic matching on P(A). 
There are three things to check: 

(1) that reversing this set of gradient paths is a well-defined operation. In 
particular, we must show that there are no edges in the Hasse diagram for 
P(A) that must be reversed in one gradient path and cannot be reversed 

in another. 

(2) that reversing these gradient paths still gives a matching. 

(3) that reversing all of these gradient paths does not create any directed cycles. 

To verify 1, note that any shared gradient path segments must be of the form 
UD . . . DU (letting U denote an upward-oriented edge and D denote a downward- 
oriented one), in order for the acyclic orientation of F{A) to come from a matching. 
If one gradient path 71 needs this segment reversed, and another gradient path 72 
which also involves this segment does not get reversed, then we claim that we may 
reverse the shared segment without reversing all of 72. We still have a matching 
on the path 72 , since the shared segment begins and ends with non-matching edges 
after it is reversed. Reversing the shared segment in the course of reversing 71 also 
cannot create any directed cycles, or else our matching on would not have been 
acyclic, by the reasoning within Proposition 2.1. 

The second requirement follows from the fact that each gradient path reversal 
still matches vertices along the gradient path with others along the same gradient 
path. The only conceivable difficulty would be if two gradient paths shared a 
segment UD . . . DU and we tried to reverse both paths, but then the matching for 
P^ would have a directed cycle. 

The third requirement is immediate from Proposition 2.1. □ 

Applications will be given after we develop a way of determining when a gradient 
path between a single pair of critical cells in a lexicographic discrete Morse function 
is reversible. We have found that result and the result of this section most useful 
when applied jointly. 



3. Discrete Morse functions on filtrations 

This section shows how a filtration may simplify the task of constructing an 
acyclic matching by splitting it into smaller, typically much more manageable 
pieces. We independently discovered Lemma 3.1, but it also appears as the "cluster 
lemma" in [Jo] , and the idea has been used widely (e.g. see [BBLSW] , [Hul] , [Ko] , 
and [Sh]). The argument below also applies to non-regular CW complexes obtained 
from regular ones by a series of elementary collapses, using the generalized notion 
of acyclic matching from Section 2. 

Lemma 3.1. Let A be a regular CW complex which decomposes into collections A^. 

of cells, indexed by the elements a in a partial order P which has a unique minimal 
element = Ao . Furthermore, assume that this decomposition is as follows: 

(1) Each cell belongs to exactly one A„ . 

(2) For each a € P, LirKa^r is a subcomplex of A. 
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For each a ^ P, let Ma- be an acyclic matching on the subposet of F{A), denoted 
F(A|a„), which consists of the cells in A^. Then UaepMa is an acyclic matching 
on F(A). 

Proof. Let D be the directed graph obtained by orienting the edges in any 
matching upward and all other edges in F{A) downward. By design, D does not 
include any upward-oriented edges between cells in different components. Now 
suppose there is a downward-oriented edge from a cell in A,- to a cell in A^ for 
a ^ T. This implies cr < r, because Up<rAp is a subcomplex of A and hence is 
closed under taking faces. If ct ^ r, then a < t, which means it will be impossible 
for the directed path ever to return to A,- since there can neither be upward nor 
downward oriented edges from earlier pieces of the decomposition to later ones. □ 

The lexicographic discrete Morse functions of [BH] , to be discussed in Sections 4 
and 6 may be viewed as coming from a filtration Ai C • • • C Ajt in which Aj \ 
Aj_i = Fj \ (Ui<jJi), and Fi,. . . ,Fk is a lexicographic order on the facets in a 
poset order complex. 

4. Review of lexicographic discrete Morse functions 

This section briefly reviews the lexicographic discrete Morse function from [BH] 
for poset order complexes, in preparation for Section 6. We also give an optimal 
lexicographic discrete Morse function on the weak order for the symmetric group, 
yielding a short new proof of a result from [EW] that every interval in the weak 
order for the symmetric group is a ball or a sphere of a specified dimension. 

Any lexicographic order on the saturated chains of any finite poset P with min- 
imal and maximal elements and 1 gives rise to a discrete Morse function on its 
order complex with a relatively small number of critical cells as follows. Let A 
be a labelling of Hasse diagram edges (or more generally, a chain-labelling) such 
that X{u,v) X{u,w) for v ^ w. We obtain a total order Fi,. . . ,Fr on facets 
of A{P) by lexicographically ordering the label sequences on saturated chains. A 
key observation for the [BH] construction was that each of the maximal faces in 
Fj n (Ui<j-Fi) has rank set of the form, 1, . . . , i, j, . . . , n, i.e. it omits a single in- 
terval i + 1, . . . , j — 1 of consecutive ranks, by virtue of our use of a lexicographic 
order. Call the rank interval + — a minimal skipped interval of Fj with 
support i + 1, . . . , j — 1 and height j — i — Call the collection of minimal skipped 
intervals for Fj the interval system of Fj. 

Notice that the faces in Fj \ (Ui<jFj), i.e. belonging to Fj but not to any earlier 
facets, are the faces of Fj that include at least one rank from each of the minimal 
skipped intervals of Fj. For each j, [BH] constructs an acyclic matching on the set 
of faces in Fj \Uj<jFj. It is immediate from Proposition 3.1 (and is shown by other 
means in [BH]) that the union of these matchings is acyclic on A(P). 

It is shown in [BH] that each Fj\{[Ji^jFi) has a single critical cell if the homotopy 
type of A(P) changes with the attachment of Fj, and otherwise Fj \ (Ui<jFi) 
contains no critical cells. (Sec [BiH] for a related notion of shellability, called a 
weak shelling.) We say that Fj contributes a critical cell when Fj \ {Ui^jFi) has a 
critical cell. It turns out that Fj contributes a critical cell if and only if the interval 
system of Fj covers all ranks in Fj; the dimension of the critical cell is then one 
less than the number of intervals in the interval system, after a certain truncation 
procedure described below. 
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To construct a lexicographic discrete Morse function and compute the Morse 
numbers, one needs a labeUing in which one may give a nice enougli description 
of the minimal skipped intervals to determine which saturated chains contribute 
critical cells and what are their dimensions. To cancel critical cells by gradient 
path reversal, one will also need to understand the matching construction of [BH] 
enough to find gradient paths between critical cells and check their uniqueness. This 
paper will develop three examples: weak order for the symmetric group, posets of 
independent sets in a matroid, and a new partial order on the symmetric group. 

For convenience in describing critical cells and the matching of [BH], let us order 
the minimal skipped intervals Ji , . . . , of Fj so that their lowest rank elements 
(or equivalently their highest rank elements) sequentially increase in rank. 

Description of critical cells: 

• if the /-intervals of Fj do not collectively have support covering all the 
ranks in Fj , then Fj docs not contribute a critical cell 

• if the minimal skipped intervals of Fj (namely the /-intervals) have disjoint 
support covering all ranks in Fj, then the critical cell in Fj \ (Ui^jFi) 
consists of the lowest rank from each of the minimal skipped intervals 

• if there is overlap in the minimal skipped intervals of Fj , but they cover all 
ranks in Fj , then iterate the following procedure to obtain the critical cell: 

(1) include the lowest rank from /i in the critical cell 

(2) truncate all the remaining minimal skipped intervals by chopping off 
any ranks that they share with /i 

(3) discard Ii and any skipped intervals that now strictly contain other 
intervals in our collection 

(4) re-index the remaining truncated minimal skipped intervals to begin 
with a new h 

(5) repeat until there are no more minimal skipped intervals 

In order to cancel critical cells by reversing gradient paths in a discrete Morse 
function, one also needs to understand the acyclic matching itself. 

Description of acyclic matching on Fj \ Ui<cjFi: 

• If Fj has no critical cells, then there is at least one cone point in Fj n 

(Ui^jFi), so match by including/excluding the lowest rank such cone point. 
Typically, this is at an ascent which is immediately preceded and followed 
by descents. 

• Otherwise, match any non-critical cell based on the lowest rank /-interval 
where it differs from F^'s critical cell. Either the cell includes the lowest 
rank of that interval as well as additional ranks from the interval, or it lacks 
the lowest rank; we match be including/excluding the lowest rank of this 

interval 

Remark 4.1. If all the /-intervals in a lexicographic discrete Morse function on 
a poset P have height at most d— 1, then A(P) is at least (— 1 + )-connected, 
and more generally each interval (a;, y) in P is at least ( — 1 + '^''^^^ rf-f ~ ^ )-connected. 

Example 4.2. Consider the ring k[ab,a'^,c,d,e,b'^] = k[xi, . . . ,X6]/{x2Xq — xI) 
and the partial order on its monomials by divisibility. Label each covering relation 
mi -< 1712 by the quotient m2/mi. Order the labels Xi <iex Xj for each i < j. 
Consider the interval (1, X2XsX4X5Xe), and in particular consider the saturated chain 
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Fj — 1 ^ X2 ^ X2X3 -< X2X3X6 -< X2X3X5Xe -< a;2a;3a;4X5a;6 on that interval, depicted 
in Figure 5. This chain is labelled X2X3XeX5X4, or more compactly 23654 (recording 
indices). 

x2x3x4x5x6 = xlxlx3x4x5 
4 

x2x3x5x6 = xlxlx3x5 
5 

x2x3x6 = xlxlx3 
6 

x2x3 

3 
x2 

2 
1 

Figure 5. A saturated chain and its minimal skipped intervals 

Notice that Fj has three minimal skipped intervals Ii, I2, 13, with support {1,2}, 
{3}, and {4}, respectively. The interval Ii results from the syzygy {x2Xq — Xi)x3 = 
which implies that the lexicographically earlier facet Fi with label sequence 11354 
overlaps with Fj in a face skipping only ranks 1 and 2. The intervals I2 and I3 come 
from descents, since there will always be a lexicographically smaller ascent, due to 
our choice of labelling. The intervals /i , /2 , ^3 arc non-overlapping and cover Fj , 
so Fj contributes a critical cell Crit{Fj) with rank set {1,3,4}, namely the lowest 
ranks in the intervals /i, /2, and I3. Thus, Crit{Fj) = X2 < X2X3XQ < X2X3XQX5. 

4.1. Application to the weak order for the symmetric group. In [EW], 
Edelman and Walker study the poset of regions in a hyperplane arrangement with 

a chosen base region, partially ordered by inclusion of the set of hypcrplancs sepa- 
rating a region from the base region B. They show that each interval in this poset 
is a ball or a sphere of a particular dimension, specifically: 

Theorem 4.3 (Edelman- Walker) . If R is a region whose rank in the poset of 

regions is a,t leaM 2, then the open interval {B, R) is eontraetible if and only if 
the set of hyperplanes separating R from B intersect in a "facial region" F in the 
boundary of B such that some subset of the hyperplanes also have intersection F 
with the boundary of B. Otherwise, {B,R) is homotopy equivalent to a sphere of 
dimension n — 2 — dimi^. 

The weak order on any Coxeter group may be viewed as the poset of regions for 
a Coxeter arrangement. 

Theorem 4.4. The weak order for the symmetric group has a lexicographic discrete 
Morse function yielding an elementary proof of Theorem 4-3 in the case of the 
symmetric group. 

We have not considered whether lexicographic discrete Morse functions could 
yield more general results about posets of regions or higher Bruhat orders. 

Proof. Label each covering relation by the simple reflection being applied. We will 
show that this labelling gives a lexicographic discrete Morse function from which 
the homotopy type result follows immediately. 
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First we characterize the minimal skipped intervals as being saturated chain 
segments which are labelled by reduced expressions of two types: 

(1) Sj o Si fov j > i + 1, since Sj o Sj is lexicographically earlier 

(2) Sj+i o Sj o Sj-i o • • • o Si-^-i o Si o Sj+i for some i < j, since sj o Sj+i o Sj o 
Sj-i o • • • o Si+i o Si is lexicographically earlier 

The point is that any /-interval results from a reduced expression to which Coxeter 
relations may be applied to obtain a lexicographically earlier reduced expression, 
and for the /-interval to be minimal, the reduced expression cannot contain any 
truncations which also have this property. 

Clearly, a pair of consecutive simple reflections gives rise to an /-interval if and 
only if the pair is of the form Sj o Si for j > 1. An /-interval of height greater 
than one must come from a reduced expression which has no consecutive labels 
Sj o Si for j > i + 1, by minimality. Thus, the reduced expression must begin 
Sj o Sj-i o • • • o Sj_)_i osiOSk for some k > i. We will show that k = j. Minimality of 
/-intervals will then imply that this is the entire label sequence for the /-interval, 
since we have the lexicographically earlier reduced expression Sj-i o Sj o .Sj_i o 
Sj-2 o Sj-3 o ■ ■ ■ o Si-^-l o Si on this interval. Suppose k < j. Then the /-interval will 
contain a strictly smaller /-interval which is labelled Sk o Sfc-i o ■ • • o Sj+i o o Sk, 
a contradiction to minimality. On the other hand, if fc > j then our reduced 
expression will contain a subexpression SjSj-lSj-^-lSj which will prevent us from 
ever reducing Sj to a smaller label, a contradiction to the /-interval beginning with 
the label Sj. Thus, k = j, proving the claim. 

In a saturated chain contributing a critical cell, the /-intervals must completely 
cover the saturated chain. This forces the reduced expression ui labelling the satu- 
rated chain to have several properties. The first simple reflection in lu must be the 
largest to ever appear, and whenever there is a pair of consecutive reflections Sj o Sj 
with i < j — 1, then Si is at least as large as all simple reflections to come after it. 
One may also check that any consecutive series of reflections sj o Sj_i o • • • o Si-^-i o Si 
with i < j must be immediately followed by Sj o Sj-i o ■ ■ ■ o Sj_|_2 o Si-i-i or else 
either the saturated chain has no critical cell, or it may be cancelled. For example, 
S5 o S4 o S3 o S5 is cancelled with S5 o 54 o 55 o S3, and S5 o 54 o S3 o S2 o 55 o S3 is 
cancelled with 55 o 54 o 55 o S3 o S2 o S3. The details are left to the reader, but the 
point is to construct an acyclic matching on (as defined in Section 2) to cancel 
all forbidden critical cells: one may match any forbidden critical cell by shifting 
part of a descending sequence Sj o Sj-i o ■ ■ ■ o Sj+i o Sj of consecutive reflections to 
or from the immediate right of the next sj; Theorem 6.6 may be used to show that 
there is a unique gradient path shifting labels in this fashion. 

Once this cancellation is done, one may then show that an interval has a satu- 
rated chain contributing a critical if and only if the permutation given by reduced 
expressions on the interval does not have inversion pairs {i,k) for i < j < k 

without also having {j,k), and also never has {j,k),{i,k) without Thus, 
the letters in [n] are broken into blocks {1, . . . , ni}, {ni -|- 1, . . . , 712}, . . . , {rik-i + 
1, . . . ,n} such that the permutation has exactly the inversion pairs (?', j) for i. j in 
the same block. This is equivalent to the above condition of Edelman- Walker, in 
the special case of the weak order on the symmetric group. The reduced expression 
giving a critical cell on such an interval is obtained by concatenating the unique al- 
lowable reduced expressions for reverse permutations, proceeding from blocks with 
larger values to blocks with smaller values. 
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The dimension of such a critical cell is —1 + "^i^iini — 1), as may easily be 
checked by counting the /-intervals and noting that the truncation procedure for 
constructing critical cells from /-intervals does not discard any /-intervals. This 
agrees with the dimension in the result of [EW]. □ 

As an example, consider the interval (0, 1) for the symmetric group 54. The 
unique critical cell is contributed by the saturated chain labelled •s,3.S2-Si.s,3.S2,S3. This 
saturated chain has two /-intervals, so the critical cell is 1-dimensional, agreeing 
with the fact that this interval has the homotopy type of a 1-sphere. 

5. Lexicographically first reduced expressions for permutations 

This section gives a new characterization for lexicographically first reduced ex- 
pressions for permutations, in the sense of [Ed]. This will provide a very natural 
explanation for Theorem 2.5 of [Ed], which characterized the "type" of any lexico- 
graphically first reduced expression, i.e. the possible vectors {mi, . . . , m„_i) where 
nii counts the number of appearances of the simple reflection .s^ in a lexicographi- 
cally first reduced expression. Our main interest in Theorem 5.2 below is that it will 
help us in Section 6 to show that certain gradient paths in lexicographic discrete 
Morse functions are unique and hence reversible. 

Remark 5.1. The proof of Theorem, 5.2 is quite similar to a proof that any two 
reduced expressions for a fixed permutation are connected by a series of Coxeter 
relations. See [Ga] for one such proof. 

Recall that a reduced expression for a permutation tt is the lexicographically 
first reduced expression for tt if its reduced word precedes all other reduced 
words for reduced expressions for tt in lexicographic order, i.e. when we say wi < W2 
if wi has a smaller letter at the first place that the two words differ. 

Theorem 5.2. Every permutation has a unique reduced expression o ■ ■ ■ o 
with all of the following properties: 

(1) Si is never immediately followed by Sj for j > i + 1 

(2) Si+i o Si o Si+i never appear consecutively 

(3) There are no reduced expressions in the commutation class for Sj^ o • • • o Si^. 
which have Sj+i o Sj o Si+i appearing consecutively. 

Proof. We first show that every permutation has at least one reduced expression 
meeting the requirements, then prove its uniqueness. To construct such a reduced 
expression, we view a reduced expression as a sorting procedure which uses adjacent 
transpositions to sort n numbers that arc initially out of order. First shift the 
number n upward to the last position, then shift n — 1 to the second to last position, 
and continue in this fashion, proceeding from the largest value to the smallest one. It 
is easy to check that this reduced expression meets the requirements. Alternatively, 
note that the reversal of the lexicographically first reduced expression for the inverse 
permutation must take this form. 

To prove uniqueness, we first show that any allowable reduced expression 7 has 
exactly one copy of s„ for u the maximal index appearing in 7. If 7 had two or 
more copies of s„, then there would be a copy of s„_i between each pair of copies 
of Su, in order for 7 to be reduced. Avoiding s„ o s„_i o s„ in the commutation class 
would necessitate a second copy of Su-i between the same two copies of Su, but 
this forces an intermediate Su-2- We may continue in this fashion indefinitely to 
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smaller and smaller indices, contradicting the finiteness of 7. Hence, 7 has exactly 
one copy of s„. 

A similar argument shows there is at most one copy of s„_i on each side of the 
Su, and for each t, 7 has at most one copy of St-i between each pair of consecutive 
copies of St, at most St-i before the first st and at most one after the final St- 
Whenever an st-i appears between two copies of St (or before the first copy of 
St), the St-i must immediately precede St, since consecutive reflections Sf o st 
for t' < t — 1 are not allowed. If the reduced expression has at least one copy 
of St and of St-d for d > 1, but no copies of St-d' for 1 < d' < d, then there 
is at most one copy of st-d and it must appear after the last copy of st- Thus, 
the position of every adjacent transposition is forced by those with higher indices, 
though we do have flexibility about whether to include every allowable adjacent 
transposition as we proceed from higher to lower indices. However, varying which 
adjacent transpositions are included will change the permutation itself, so there; is 
at most one allowable reduced expression for any fixed permutation. □ 

Corollary 5.3. A reduced expression iv = Si^ o ■ ■ ■ o Si^ is the lexicographically first 
reduced expression for a permutation w if and only if all of the following hold: 

(1) w never has sj immediately followed by Si for i < j — 1 

(2) iv never has consecutive simple reflections Sj+i o Sj o st+i 

(3) u! is not in the same commutation class as any reduced expressions contain- 
ing consecutive simple reflections Sj+i o s, o Sj+i 

Proof. There is a unique reduced expression for tt satisfying these conditions, by 

a virtually identical proof to the one used for Theorem 5.2. However, the lexico- 
graphically first reduced expression must satisfy these conditions, since otherwise a 
lexicographically earlier reduced expression could be obtained by applying a Cox- 
eter relation. Thus, the lexicographically first reduced expression is the unique^ 
reduced expression for tt satisfying these conditions. □ 
In the language of [Ed], the third condition says that w is not Ci -equivalent to 
any reduced expressions containing consecutive simple reflections Sj+i 05^0 s^+i. 

Remark 5.4. Theorem 2.5 of [Ed] showed that a vector {mi, . . . , m„_i) is the type 
vector of a lexicographically first reduced expression if and only if < to„_i < 1 
and < m, < mi+i + 1 for each 1 < i < n — 2. This follows immediately from 
the arguments we use in the proof of Theorem, 5.2 to show that s„_i occurs at m,ost 
once, our restrictions on possible locations for si in terms of the locations of Si+i and 
our existence construction in the proof of Theorem 5.2 which inductively describes 
how to construct a permutation whose lexicographically first reduced expression will 
achieve any such type vector. 

6. Gradient paths in lexicographic discrete Morse functions 

Given a lexicographic discrete Morse function whose edge or chain labelling sat- 
isfies some additional conditions, Theorem 6.6 will use properties of reduced expres- 
sions for permutations to show that any gradient path between a pair of critical 
cells that are related in a certain way will be unique, and hence may be reversed to 
cancel the pair of critical cells. There is probably an easier proof for Theorem 6.6 
using inversions in permutations, but our hope is that our proof has the potential 
to be generalized to deal with nonsaturated chain segments, at least in the special 
case of least-content-labellings, as defined shortly. 



16 



PATRICIA HERSH 



Definition 6.1. A poset edge labelling is least-increasing if every interval has 
a (weakly) increasing ehain as its lexicographically smallest saturated chain. A la- 
belling is least-content-increasing if in addition the lexicographically smallest 
chain is at least as small as the increasing rearrangement of every other label se- 
quence on the interval. Within a least-increasing labelling, any increasing chain 
that is not lexicographically sm,allest on its interval is called a delinquent chain. 

Later we will show that least-content- increasing labellings satisfy the fairly tech- 
nical conditions of Theorem 6.6 below. Notice that the least-increasing condition 
is less restrictive than an EL-labelling, since intervals may have several increasing 
chains. See Sections 7 and 8 as well as [HW] for examples of least-content-increasing 
labellings. Least-content-increasing labellings are particularly well-suited to can- 
celling pairs of critical cells whose label sequences have equal content, i.e. equal 
unordered multiset of labels, using the following observation: 

Remark 6.2. If T,a are critical cells whose label sequences have equal content 
in a lexicographic discrete Morse function coming from a least- content-increasing 

labelling, then any gradient path from t to a m,ust preserve content at each step 
and also may never introduce inversions. Thus, gradient paths steps must sort 
labels whenever the label sequence changes at all. 

Recall that any gradient path from a critical cell r(''+^' to a critical cell cr^^^ 
must alternate between ranks p-\- 1 and p, because it cannot contain two consecutive 
upward steps or end with an upward step. Denote the downward step in a gradient 
path which deletes the i-th element from a chain by di. Denote by Ur the unique 
upward step from a non-critical cell to its matching partner, if the newly inserted 
chain element is the r-th element in the chain. We will focus on gradient paths 
in lexicographic discrete Morse functions coming from labellings such that each di 
deletes from a chain a descent and then Uj replaces this by a lexicographically earlier 
ascent in which the two labels have been swapped. Thus, it is quite natural to view 
the pair of steps di o m as an adjacent transposition Si — {i,i swapping the 
labels in positions i,i-\-lon the lexicographically earliest saturated chain containing 
the order complex faces. 

Definition 6.3. An adjacent transposition Si acts effectively on a chain C that 

includes elements , Vi , of ranks i — 1, i, i + 1 and has a descent at rank i if Si 
sends C to a chain in which Vi is replaced by v[ such that X{vi-i,Vi) = X{vl,Vi+i) 
and X{vi-i, t;-) = X{vi, Vi+i). A reduced expression u) acts effectively on C if each 
of its adjacent transpositions acts effectively in turn. 

Let X(u,v) denote the sequence of edge labels on the lexicographically earliest 
saturated chain from u to v. Then Si acts effectively on a (not necessarily sat- 
urated) chain C = < i>i < • • • < Vi-i < Vi < Vi+\ < ■ ■ ■ < Vr-i < 1 if Si{C) 
replaces Vi by some v'^ such that rk{v[) = rk{vi^i) + 1 and the concatenated label 
sequence X{vi-i,v!i) o A(i'^, I'i+i) is obtained from X{vi-i,Vi) o X{vi, fj+i) by sorting 
labels into increasing order. 

Definition 6.4. A poset edge-labelling (or chain-labelling) has the ordered level 
property ifX{ui,Vi) < X{ui,Vi+i) fori <i< k implies thatX{u' ,v{) < X{u' ,Vk+i) 
for every u' which satisfies both u' < vi and u' < Vk+i- 

For example, any product of chains has the ordered level property when each cov- 
ering relations is labelled by the coordinate being increased. To apply Theorem 6.6, 
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it will suffice to have the ordered level property on a subposet which includes the 
two critical cells ct, r to be cancelled along with all cells with intermediate Morse 
function values. See [HW] for such an example, namely monoid posets. 

In the next theorem, we will use reduced expressions for permutations to show 
that certain gradient paths are reversible. By convention, we apply adjacent trans- 
positions from left to right. 

Let t'^p+^) be a critical cell which includes ranks io,i,i + 1, . . . ,j — 1, j. Denote 
by Ut^Vt the elements at ranks respectively in r, and say that these are the 
fc-th and Z-th elements of r, respectively. Let cr^*'^ be a critical cell that agrees with 
T except between ranks iq and j. Theorem 6.6 will show that when a certain type 
of gradient path from r to a exists, then it is the only gradient path from r to a. 

Remark 6.5. Theorem 6.6 will also apply to eritical eells t, inhere r includes 
ranks i,i + I, . . . , j — 1, j,k for k > j + 1, a includes ranks i,i + 1, . . . ,j — 1, k, and 
T, a agree outside of the interval from rank i to k. 

Thus, constructing such a path will show that the pair of critical cells may be 
cancelled by reversing the gradient path, yielding a larger acyclic matching in which 
these cells are no longer critical. 

Theorem 6.6. Let M be a lexicographic discrete Morse function satisfying the 
ordered level property, with critical cells r, a as above. Suppose for each k < r < I, 
Sr acts effectively on any chain C that (1) coincides with t except strictly between 
ranks io and j, (2) has a descent at rank r and (3) includes ranks r ± 1. Let u) be a 
reduced expression that acts effectively on t^p~^^'> in such a way that to followed by 
some dr for k < r < I yields a critical cell a^^^ that agrees with r except between 
ranks io and j. Then the resulting gradient path from r to a is unique and hence 
reversible unless the gradient path ends with steps Sr+i o Sr o dr+i or differs by 
commutation relations from one ending this way. In this case, there are exactly two 
gradient paths from t to a. 

Proof. Let uj* = uj o Si, where i is the rank of the final downward step in the 
given gradient path from r to <t. 

We break the proof into the following three parts: 

(1) If oj* involves only Sk+i, . ■ ■ , S(_i, then w* does not contain any consecu- 
tive adjacent transpositions StoSu for u> t + 1. It also avoids consecutive 
adjacent transpositions Sf_|-i o st o st-^-i. except when the second st-^-i oc- 
curs as the final downward step. Furthermore, oj* is not equivalent up to 
commutation relations to any reduced expression involving St+i o St ° St+i 
except with the second st-^-i as the final downward step. 

(2) Let TT be the permutation which has oj* as one of its reduced expressions. 
Every gradient path 7 from r to u corresponds to a reduced expression for 
TT. That is, 7 has the form rf^j o o • • • o di^ for some indices ii, . . . ,iq such 
that Si^ o ■ ■ ■ o is a reduced expression for tt. 

(3) Every permutation has a unique reduced expression that avoids consecutive 
transpositions Si o sj for j > i + 1 and whose commutation class avoids 
Sj+i o Si o Sj+i. In addition, every permutation has at most one reduced 
expression that avoids consecutive adjacent transpositions SiOSj for j > i+1 
and whose commutation class avoids s^+i o Si o s^+i except as the final 
three steps. Thus, the gradient path oj from r to cr is unique, except in the 
designated case where there are two gradient paths. 
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Let us begin with (1). Note that the series of steps dt o ut o du for m > t + 1 
yields a chain that lacks rank u, but which has an ascent at rank t; thus, the chain 
is the top of an "up" edge in the directed graph on the face poset of its order 
complex, because it is matched with the lower-dimensional face in which the cone 
point coming from the ascent at rank t is deleted. Thus, the gradient path has 
no upward step m„ available, and so cannot be completed. Similarly, the steps 
dt+i o ut+i odtouto dt+i yield a chain with rank t+1 omitted, but which has an 
ascent at rank t. As before, this is the top of a matching edge, implying there is 
no "up" edge from it continuing the gradient path. A reduced expression in the 
same commutation class as one containing St+i o st o st+i also gets stuck after the 
second dt+i, by the same reasoning, unless this is the final step. In the special 
case where oj* is equivalent up to commutation relations to a reduced expression 
which ends with steps St+i o s* o St+i, we obtain the second gradient path as follows. 
Apply the braid relation to obtain st o st+i o st then consider the unique reduced 
expression obtained from this by commutation relations, which avoids ever having 
Si followed by Sj for j > i + 1. This reduced expression will end with St, i.e. with 
steps dt followed by Ut- Although this does not give the desired critical cell because 
the wrong ranks are covered on J-intervals, now we may apply dt+i to obtain the 
desired critical cell, because now we have only the lowest rank from each J-interval. 

Now we turn to (2). Notice that r and a must agree up through rank io, since 
ui leaves these ranks unchanged. Thus, every gradient path from r to a must also 
leave ranks 1, . . . ,io fixed in order for the discrete Morse function / to be non- 
increasing along the gradient path from t to cr, and in particular to be bounded 
above and below by /(r) and /(cr), respectively. The ordered level property ensures 
that every gradient path from r to cr also must leave ranks j and higher untouched, 
because r, a agree at these upper ranks. Thus, a gradient path may only use steps 
of the form dr, Ur ioi k < r < I. 

We are forced to follow each such dr by the upward step Ur, because applying 
dr to a chain C ensures that dr{C) has an ascent (and hence a cone point in 
dr{C) \ {^Fi<iexdr{C)Pi)) on newly uncovered interval. There must be no lower 
cone points, or we would be stuck at the top of an up edge. Each pair of steps 
dr o Ur for r > j + 1 swaps two consecutive chain labels if the labels are out of 
order prior to dr, so that a series of effective steps di^oui^o- ■ - o di,, o eliminates 
exactly the same inversions that Si^ o • • • o would. Thus, every gradient path 
corresponds to an expression for tt as a product of adjacent transpositions. 

What remains to show is that non-reduced expressions for permutations do not 
give rise to gradient paths. However, a non-reduced expression for tt will eventually 
apply some adjacent transposition Sr at a rank r where the labels Ai, A2 are increas- 
ing. But the downward step dr would not go in the direction the Morse function 
decreases, a contradiction, because the edge would be a matching edge if Ai, A2 is 
the lowest increasing pair of consecutive labels in the chain obtained by deleting 
rank r. Otherwise, the subsequent upward step is forbidden in the non-reduced 
expression, because the chain would instead match by inserting or deleting a lower 
rank cone point. Either way, the gradient path cannot be completed. 

The first statement in Part (3) was proven as Theorem 5.2. The second statement 
is proven using similar ideas. The point is again that there can be at most one copy 
of an adjacent transposition Sj between each pair of copies of Sj+i, with the unique 
exception that once we may have two copies of Sj after the final Sj+i, but then 



ON OPTIMIZING DISCRETE MORSE FUNCTIONS 



19 



we must have one copy of Si_i between the copies of Si. The rest of the analysis 
proceeds just as in Theorem 5.2. □ 

Corollary 6.7. If the conditions of the previous theorem, are m,et, and in addition 
T, (7 have label sequences differing by a 321-avoiding permutation, then the gradient 
path from t to a is unique. 

Proof. Any reduced expression for a 321-avoiding permutation consists of simple 
reflections which all commute with each other, and in particular it cannot have 
consecutive reflections .Si+iSiS^+i or SiSi+iSi. This eliminates the possibility of two 
choices for the conclusion of the gradient path. □ 

Remark 6.8. It would be nice if Theorem 6.6 could be extended to deal with gra- 
dient paths on nonsaturated chain segments, at least for least- content-increasing 

labellings. This is related to the more general question of describing incidences in 
the complex A*^ of critical cells for a lexicographic discrete Morse function M . 

In [HW], the preceding theorem is applied to monoid posets to provide con- 
nectivity lower bounds in terms of Grobner basis degree. Monoid posets are not 
Cohen-Macaulay in general, so something other than shelling was needed. 

Example 6.9. Recall the posct from Example 4.2. Consider the saturated chains 
Fj and Fi, labelled 26543 and 23654, respectively. Fj has minimal skipped intervals 
with rank sets {!}, {2}, {3}, {4}. The first interval results from a syzygy, and the 
others come from descents. The facet Fi was already discussed in Example 4.2. 
Fj and Fi contribute critical cells t = X2 < X2Xq < X2X6X5 < X2X6X5X4 and 
a = X2 < X2X3X6 < X2X3XeX5, respectively. There is a gradient path ^4 o ^4 ° rfs ° 
U3 o (^2 = S4 o S3 o S2 from r to a, shown in Figure 6. Theorem 6.6 ensures that this 
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Figure 6. A gradient path between two critical cells 



is the only gradient path from t to a, implying it is reversablc, and hence that a 
and T may be cancelled. The point is that X3 is non-essential to the syzygy in a, 
allowing it to be shifted to its location in r above the syzygy interval. Theorem 6.6 
ensures that there is a unique way for a gradient path to shift the label 0:3 downward 
from its position in r to inside the syzygy interval in a. 

Next is an example with two gradient paths from t^p~^^^ to a^P\ where we ex- 
amine orientation to determine that t(^+^^ has boundary due to cancellation. 
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Example 6.10. Consider the semigroup ring k[xi, . . . , xj]/ {xiX^xe — X1X2X3) ~ 
k[ab,cd,ef,ad,be,cf,g] and the partial order on its monomials by divisibility. As 
before, label poset edges with the indices of the variables being multiplied. Let us 
examine the interval (1, X4X5XeX7). It has a critical 1-cell a in the saturated chain 
labelled 7,4,5,6 and it has critical 2-cells ti,T2 in the saturated chains labelled 
7,3,2,1 and 7,6,5,4, respectively. The order complex has 2-sphere coming from 
Ti, and then attaching a gives a wedge of a 2-sphere with a 1-sphere. When we 
next attach T2, notice that there arc two gradient paths from T2 to a, and cr is 
incident to r in two different ways (coming from two distinct series of collapses). 
To decide whether attaching T2 creates a 2-sphere or a copy of M.P2, we need to 
examine relationships between orientations (see [Fo] for more about orientation). 
The orientations are such that T2 has boundary, due to cancellation, and we 
deduce that A{l,x4X5XQXr) consists of a pair of 2-spheres, joined at two distinct 
points, and has Betti numbers bo = 0,bi = 1, 62 = 2. 

Now let us check that Theorem 6.6 applies to least-content-increasing labellings. 

Proposition 6.11. // a labelling is least-content-increasing, then Theorem 6.6 
holds for r, a of equal content without needing to assume the ordered-level prop- 
erty or that (jj acts effectively. 

Proof. The initial and final saturated chains have the same label content. On the 
other hand, any step to a saturated chain with different content must have smaller 
content, making it impossible to restore any changes that are ever made in content. 
Thus, content must be preserved at each step. This together with the fact that the 
labelling is least-increasing implies that each gradient path downward step which 
changes the label sequence will specifically sort labels on the interval where the 
chain element was deleted. 

Assuming r and a agree above rank s means in particular both have the same 
set of labels in the same order above rank s. Any gradient path step involving ranks 
above s must sort labels from this fixed order above rank ,s, precluding completion 
of the gradient path to cr, since gradient path steps can never create new inversions 
above rank s. Thus, we are assured that all ranks above s are left untouched by all 
gradient paths from t to a. 

The fact that lo acts effectively is automatic from the fact that each downward 
step in our gradient path sorts labels on the uncovered interval, because the label 
is least-increasing. □ 

Recall from Example 4.2 the saturated chain Fj that is labelled X2X3XQX5X4,, 
which contributes the critical cell a = X2 < X2XzXq < X2X3XQX5. In Example 6.9, 
we used reduced expressions for permutations (and in particular. Theorem 6.6) to 
show that there is a unique gradient path from t — X2 < X2Xq < X2XqXq < X2XiX^XQ 
to cr, given by the reduced expression S4 o 53 o S2. Now we will use Theorem 2.3 
to cancel several gradient paths simultaneously by collecting critical cells into a 
Boolean algebra within . 

Example 6.12. Each subset T of S = {ccs, 3:4, xs} corresponds to a critical cell 
Crit{T) belonging to a facet F{T), as follows. The facet F{T) has label sequence 

X2XTXQX(^g\TYcv , where xt is the list of members of T in increasing order, and 
X[s\TY^^ is the list of members of S\T listed in decreasing order. Notice that F{T) 
has one minimal skipped interval labelled X2Xtx% coming from the syzygy X2X% = xf, 
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Figure 7. A Boolean algebra of critical cells in 

and that each rank above this interval is covered by a minimal skipped interval of 
height one coming from a descent in the labels. One may use Theorem 6. 6 to show 
that the set of critical cells {Crit(T)\T C S} sits inside the multi-graph face poset 
as a Boolean algebra, depicted in Figure 7. This Boolean algebra has covering 
relations Crit{T U {xi}) -< Crit{T) for each T C S and each Xi G S\T. Matching 
T\{xs} withTU{x3} for each T gives a complete acyclic matching on the Boolean 
algebra. 

7. The Cohen-Macaulay property for the poset PD{V^,q) of partial 

DECOMPOSITIONS OF AN n-DIMENSIONAL VECTOR SPACE OVER Fq INTO 
1-DIMENSIONAL SUBSPACES 

Let F be a finite vector space, i.e. an n dimensional vector space over a finite 

field Wq. Let PD{l",q) denote the poset of partial decompositions of V into 1- 
dimensional subspaces. That is, the elements of P£)(l", q) are collections li, . . . ,lr 
of linearly independent lines in V, with a maximal element 1 adjoined. 
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Definition 7.1. A set of lines is independent if they are spanned by vectors that 
are linearly independent. 

PD(V\ q) has covering relations u ^ w if w is obtained from u by adding another 
linearly independent line to the collection. PD{V^,q) is the poset of independent 
sets for the matroid whose ground set consists of the lines in V , i.e. the points 
in the projective space WV . Thus, PD{l",q) is shellable, by virtue of its order 
complex being the barycentric subdivision of a matroid complex (sec [Bj2]). How- 
ever, Cohen-Macaulayness may also easily be proven using discrete Morse theory 
in a way that is indicative of how our machinery also seems to apply to much more 
complex posets. 

We will construct a discrete Morse function based on an ordering for the ground 
set of lines in V, then use gradient path reversal to optimize the Morse function 
into one which has only top-dimensional critical cells. The surviving critical cells 
are indexed by matroid bases with internal activity 0, allowing us to recover the 
fact that a matroid complex has the homotopy type of a wedge of spheres of top di- 
mension, where the number of spheres is the number of matroid bases with internal 
activity 0. Though our proof is for a specific matroid complex, the same argument 
work will work without modification for any isthmus-free matroid. 

7.1. Construction of lexicographic discrete Morse function. First we need 

an edge-labelling, then we will study the resulting lexicographic discrete Morse 
function. Following matroid theory, we call the set of all lines in V our ground 
set, and choose an ordering u on the ground set. Label each covering relation 
{?!,..., Ir} < {?!,..., Ir+i} with the line Ir+i being added to the set of linearly 
independent lines, and use the order u on the ground set to order our labels. The 
resulting lexicographic order on the label sequences on saturated chains gives rise 
to the lexicographic discrete Morse function we will use. 

Proposition 7.2. This labelling is least-content-increasing. 

Proof. Notice that any descent comes from a consecutive pair of lines lj,li with 
the larger one (in terms of the order lu) inserted first. This insertion order may be 
reversed to obtain an earlier saturated chain on the interval which has the same 
content. □ 
Recall from matroid theory: 

Definition 7.3. Any independent set of lines that spans V is a basis. An element 
I in a basis B is internally active in B if I cannot be replaced by a smaller element 
of F (with respect tow) to obtain an alternate basis for F. In other words, a vector 
I is internally active when there are no smaller vectors whose unique expression in 
terms of B has nonzero coefficient for I . The internal activity of a basis is the 
number of internally active elements in it. 

Our first task is to characterize minimal skipped intervals. 

Definition 7.4. Let N be a saturated chain 0-<xi -<■■■-< Xk-<x-<yi -<■■■-< 

yi ~< 1 with label set B. Suppose that N has strictly increasing labels from x to 1. 
Then (x, 1) is called a top interval of N if the following conditions are both met: 

(1) The label for x ~< yi is not internally active in B. 

(2) The label on each yi -< yj+i is internally active in B. 
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Proposition 7.5. The lexicographic discrete Morse function given by our ground 
set labelling/ordering has exactly the following minimal skipped intervals. 

(1) label sequence descents 

(2) top intervals 

Proof. An interval may only have one increasing chain unless the interval is of 
the form (x,l), since our labelling restricted to {x,y) for y 7^ 1 is the standard 
EL-labelling on a Boolean algebra. Thus, all minimal skipped intervals come from 
either descents or intervals (x, 1), since our labelling is least-content-increasing. 

For a skipped interval {x, 1) to be a minimal skipped interval in a saturated 
chain M = -< mi -< m2 -<---^x^y^---^l, there must be an earlier 
saturated chain M' that agrees with Af through x but has covering relation x ~< y' 
with strictly earlier label w' than the label w on x ^ y. Let wi, . . . , Wi be the 
labels on covering relations in the saturated chain M below x. Then w' is not in 
the span of the vectors . . . , since wi, . . . ,Wi, w' extends to a basis. But for 
the skipped interval [x, 1) to be minimal, w' must be in (wi, . . . ,Wi,w), because 
otherwise the expression for w' in terms of B would involve some later label, causing 
that label to not be internally active. This would mean there would be a smaller 
minimal skipped interval beginning later in that saturated chain, a contradiction. 
Thus, the expression for w' in terms of B must involve tu, which means w may 
be replaced by w' to obtain a new basis, implying w is not internally active. If 
any later label were internally active, that would contradict the minimality of our 
minimal skipped interval from a; to 1, so we have shown that any minimal skipped 
interval not coming from a descent must be a top interval. □ 

Corollary 7.6. A saturated chain contributes a critical cell if and only if it has label 
sequence bmb-m-i • • • ^^laci ■ ■ ■ Cp with bm > bm-i > • ■ • > b\ > a, a < ci < ■ ■ ■ < Cp, 
in which ci, . . . , Cp are all internally active but a is not internally active. 

Proof. A saturated chain contributes a critical cell if and only if its minimal 

skipped intervals cover all ranks, so the saturated chain must have descending 
labels up until a minimal skipped interval (x, 1). However, top intervals are the 
only minimal skipped intervals of the form (x, 1). □ 

7.2. Cancellation of critical cells. This section uses a notion called the non- 
essential set of a saturated chain to collect critical cells into Boolean algebras within 
. We will use complete acyclic matchings on these Boolean algebras, whenever 
the non-essential set is nonempty, to construct an acyclic matching on P^. The 
idea will be to choose the non-essential set in such a way that any subset S of the 
non-essential set will index a critical cell in such a way that the critical cells given 
by subsets of the non-essential set sit inside P^ as a Boolean algebra. To make 
things consistent, it will be important to define the non-essential set in a way that 
does not depend on the order in which labels appear on a saturated chain, to ensure 
that all saturated chains indexed by subsets of the non-essential set will have the 
same non-essential set. 

Definition 7.7. The non-essential set of a saturated chain N , denoted NE{N), 

is the set of internally active labels on N . 

Let a < 61 < 62 < • • • < be the labels on N. Let bs denote the label sequence 
biih^ ■ ■ - bi^ for S = {ii, . . . ,ir} C [n] with ii < • • • < v- Let by" denote the label 
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sequence bi^bi^_^ ■ --bi^. Let S'^ denote [n] \ S. In this notation, each saturated 
chain that contributes a critical cell is labelled hf^s'^yevobs for some set of labels 
and some choice of S. 

Remark 7.8. If N contributes a critical cell that is not top- dimensional, then its 
top interval includes one or more internally active labels, implying NE{N) ^ 0. 

Proposition 7.9. If the saturated chain N labelled 6(sc)T-e«a6s contributes a crit- 
ical cell, then so does the saturated chain labelled b^rcyevobT forT any subset of 
the non-essential set NE{N). 

Proof. This is immediate from our characterization of minimal skipped intervals 

together with the fact that permuting the order in which 1-spaccs arc created in a 
saturated chain does not affect whether they are internally active in the basis B. 
□ 

We will refer to the critical cell contributed by the saturated chain bfrcyevabT 
as being indexed by T, and denote this as Crit{T). 

The next lemma will be applied both to PD{1^, q) and to the poset discussed in 
Section 8. 

Lemma 7.10. Let X be a least- content-increasing labelling on a finite poset with 
and 1. Suppose A restricted to (0,a;) for each x ^ 1 is a CL-labelling. Let N 
be a saturated chain contributing a critical cell. Let S be the set of labels on N, 
excluding the minimal label, denoted a, appearing on N . Let T be a subset of S such 
that there is a saturated chain labelled (U'^y^^aU which contributes a critical cell 
Crit{U) for every U CT. If there is a gradient path from Crit{U) to Crit{U) U {i} 
for each U QT, i eT\U, then the critical cells indexed by subsets of T sit inside 
as a Boolean algebra. 

Proof. One may easily construct a gradient path from Crit(U) to Crit{U U {i}) 
for any U CT,i£T\U by shifting the label i upward from its position in the 
descending part of a saturated chain to the interior of the top interval. That is, 
downward steps in the gradient path delete the chain element immediately above 
i, then upward steps replace the newly uncovered descent by the ascent which has 
the pair of labels sorted. To deduce uniqueness of each such gradient path, we use 
the version of Theorem 6.6 given in Remark 6.5, since the labelling on PZ)(l",g) 
is a least-content-increasing labelling. The fact that there are no other gradient 
paths because critical cells of consecutive dimension follows from the fact that 
there cannot be a gradient path from Crit{Ui) to Crit{U2) if the saturated chain 
contributing the latter has any inversions not present in the former; if there is any 
j £ Ui\U2, then Crit{U2) will have an inversion between j and the minimal label 
on the saturated chain, and this inversion will be missing from Crit{U\). Thus, wc 
are done. □ 

Corollary 7.11. The critical cells indexed by subsets of NE{N) sit inside as 
a Boolean algebra. 



Proof. It is easy to check that the conditions of Lemma 7.10 arc met since 
PD (!",(;) — 1 is a simplicial poset in which each interval receives the standard 
EL-labelling for a Boolean algebra. □ 
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Proposition 7.12. The union of the complete acyclic matchings on these Boolean 
algebras is an acyclic matching on P*^. 

Proof. The point is to preclude directed cycles involving multiple Boolean alge- 
bras, by showing that once wc pass from one Boolean algebra to another, we may 
never return to the original Boolean algebra. The idea is to partially order the 
Boolean algebras resulting from various label contents and notice that any gradient 
path which passes from one Boolean algebra to another must be a step downward 
in our partial order on Boolean algebras, making it impossible for a cycle to return 
to the original Boolean algebra. 

The partial order is on choices of basis for V, where by convention each basis 
vector must have a leading 1. One basis Bi will be smaller than another basis B2 
in our partial order if Bi is obtained from B2 by replacing a single vector by a 
lexicographically smaller vector. Notice that a downward step in the face poset on 
the order complex A(PZ)(l",g)) deletes a single chain element, either preserving 
the earliest coatom possible in an extension to a saturated chain, or else causing 
this coatom to decrease in our partial order on bases. □ 

Theorem 7.13. PZ)(1", q) is homotopically Cohen- Macaulay. It has the homotopy 
type of a wedge of spheres of top dimension, with the number of spheres equalling 
the number of bases for with internal activity 0. 

Proof. It suffices to show that each interval has critical cells only of top dimen- 
sion. This is done by cancelling critical cells in the lexicographic discrete Morse 
function resulting from our cdgc-labclling. Theorem 2.3 ensures that wc can cancel 
the critical cells belonging to our union of complete acyclic matchings on Boolean 
algebras, since this is an acyclic matching on . Remark 7.8 ensures that every 
critical cell that is not top-dimensional belongs to such a Boolean algebra S„ for 
n > 1, and hence to a Boolean algebra in which all cells are indeed matched and 
cancelled. Thus, the interval (0, 1) is homotopy equivalent to a wedge of spheres of 
top dimension. Note that the surviving critical cells are labelled by the decreasing 
chains with empty non-essential set, i.e. where none of the labels are internally 
active. There is one such saturated chain for each basis with internal activity 0, 
yielding the homotopy type result. 

The same labelling and argument works for intervals {x,l). Let x = l\,. . . ,lr, 
and note that the labels given by bases for h,. . .,lr cannot belong to the non- 
essential set of a saturated chain on this interval. Intervals (0, y) for y ^ 1 are 
Boolean algebras, and hence are shellable, so Cohen-Macaulayness follows. □ 

8. The Cohen-Macaulay property for the poset Xlg^ of partitions 

INTO PERMUTATION CYCLES 

Jeff Remmel recently defined the following permutation-analogue of the partition 
lattice (personal communication). Let Ylsn be the poset of permutations in Sn 
partially ordered as follows, with a maximal element 1 adjoined. A permutation a 
covers a permutation tt if tt may be obtained from a by splitting a single cycle of a 
(written in cycle notation) into two smaller cycles by the following procedure: let 
fli, . . . , a,, be the elements of the cycle in a listed in such a way that a{ai) = ai+i 
for each i. Choose some S" C [r], and let r have cycles {ai^, . . . ,ai^) with S = 
{ii, ...,ik} and {aj^,. . .,aj^_^) with [r] \ 5 = {ji, . . . , jr-fe}- In other words, a is 
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obtained from r by shuffling together two cycles of r to obtain one larger cycle, 
with any cycUc shift of each cycle allowed prior to shuffling. (It may help to think 
of our shuffling as taking place on two labelled circles, in which shuffling amounts 
to some interspersing of labels.) 

Remark 8.1. The number of poset elements at corank k is the signless Stirling 
number of the first kind c{n, k). The coatoms are the (n — 1)! possible permutations 

which are n-cycles. 

Remmel previously showed that all intervals {x, y) for y ^ 1 are isomorphic to 
intervals in the partition lattice, and hence are EL-shellable (personal communica- 
tion). In particular, intervals (0,y) for y a coatom have (n — 1)! decreasing chains, 
so have Mobius function /x(0, y) = (— l)"~^(n — 1)!. We will show that Hs^ is 
Cohen-Macaulay, but it remains open whether or not it is shellable. 

8.1. Construction of lexicographic discrete Morse function. Label covering 

relations with ordered pairs (i,7r) where i is an integer and tt is a permutation in 
'S'[2,ri]) as follows. Each covering relation u < v (for v not the unique top element) 
merges two cycles Ci,C2 by shufHing them. Let i = max(minCi, minC2) and let 
TT be the lexicographically smallest permutation obtainable from v by shuffling the 
cycles of v (as defined above). 

Order labels i linearly and order permutations tt by the lexicographic order on 
their expressions in one-line notation. The integer label takes precedence over the 
permutation for ordering labels. There is no need for labels on the covering relations 
u -<1 since we already get a total order on saturated chains without labelling these 
covering relations. 

Remark 8.2. Ascents and descents are determined by the first coordinate, since 
just like in the partition lattice saturated chains have the distinct integers 2, . . . ,n 
as the first coordinates of their labels. 

Proposition 8.3. The labelling is least- content-increasing. 

Proof. This is immediate for intervals {x,y) with y ^ 1, since then we have an 
interval in the partition lattice, and the first coordinate gives an EL-labelling in 
which all label sequences have equal content. If y = 1, then the saturated chains 
with smallest content are those whose coatom is the lexicographically smallest per- 
mutation TT obtainable by shuffling together the cycles in x. Each such saturated 
chain has label set {(i,7r)|2 < i < n}, i.e. with second coordinate fixed as tt. The 
lexicographically smallest saturated chain on our interval is the unique increasing 
chain with this content, implying the result. □ 

Next we characterize the minimal skipped intervals. Recall that a saturated 
chain contributes a critical cell to the order complex if and only if its interval 
system covers all ranks, so we will some also characterize which saturated chains 
contribute critical cells. 

There are choices for how to list the elements of a cycle, resulting from our 
ability to cyclically shift elements of the cycle; by convention, we list cycle elements 
in the order they will eventually appear in a coatom of the saturated chain being 
considered. 

Definition 8.4. Let N be a saturated chain {] -< xi ■ ■ ■ ^ Xk < x ^ yi ^ ■ • ■ < 
yi ^ 1 with increasing labels from x to 1. A top interval in N is an interval {x, 1) 
such that: 
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(1) there is a coatom above x that is smaller than yi 

(2) yi is the smallest coatom above yi 

Proposition 8.5. A saturated chain N has exactly the following types of minimal 

skipped intervals: 

(1) descents 

(2) top intervals 

Proof. The fact that the labelling is least-contcnt-increasing implies that every 
descent gives a minimal skipped interval of height one, and that all other minimal 
skipped intervals come from delinquent chains. However, our labelling restricted to 
any interval {x, y) for j/ ^ 1 is essentially the standard EL-labcUing for the partition 
lattice, so delinquent chains are only possible on intervals (x, i), and then must take 
the form above. □ 
Thus, any saturated chain contributing a critical cell must have descending labels 
immediately followed by a top interval. 

8.2. Cancelling critical cells. Similarly to in P£)(l", q), we will use non-essential 
sets to collect critical cells into Boolean algebras. It will be desirable for the non- 
essential set of a saturated chain to depend only on its coatom permutation a 
(specifically on the inversions in a) and on the following tree structure associated 
to saturated chains. 

Definition 8.6. A covering relation merging cycles Ci,C2 gives rise to a merge 
step Cij, where i = minCi and j = minC2. We associate a labelled tree with 1 as 
its root to a saturated chain by choosing the edges Cij coming from merge steps in 
the saturated chain. Notice that labels are decreasing along tree paths to the root, 
and there are (n — 1)! such trees. 

The non-essential set of a saturated chain will be a certain subset of its merge 
steps. It will develop that these two pieces of data associated to a saturated chain, 
namely its co-atom and tree structure, will remain constant on certain Boolean 
algebras of critical cells, ensuring that all elements of such a Boolean algebra have 
the same non-essential set. To decide which merge steps belong to the non-essential 
set, we will need a notion of forced and unforced inversions in the co-atom permu- 
tation. The non-essential set of a saturated chain will consist of those merge steps 
which shuffle two cycles in the lexicographically smallest possible way. 

Definition 8.7. A merge step emi,m2 ^'^ saturated chain with co-atom a is said 
to have an unforced inversion if a has an inversion {i,j) with i,j belonging to 
the two distinct cycles, Ci, C2, respectively, to be merged by emi,m2j but Ci has no 
inversions {i,k) with i < j < k. Any other inversions between elements of Ci,C2 
are said to be forced. 

The following lemma will help us to define non-essential sets as consisting of 
merge steps with no unforced inversions. 

Lemma 8.8. An interval {x, 1) in a saturated chain N is a top interval if and only 

if it consists of merge steps (l,i2), • • • , (Ij^i) with ii < i2 < ■ ■ ■ < ii such 

that e(i^jj) has at least one unforced inversion, but all subsequent merge steps e(i^j^.) 
have only forced inversions. 
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Proof. Let a = {ai,...,ak) and b = (61,..., 6;) be two permutation cycles, 
cyclically shifted to have their smallest elements listed first. Now view the sequences 
ai, . . . , afc and 61, . . . , 6; as two tapes to be read from left to right. To merge the 
sequences in the lexicographically smallest possible way, we proceed as follows: 

(1) Compare the current positions on the a and b tapes at each step. 

(2) Choose the smaller of the two values currently being viewed. 

(3) Append this number to the shuffled sequence being constructed. 

(4) Move forward one position on the tape from which we chose a number. 

Prom this viewpoint, it is clear that we cannot add bj > ai to the merged sequence 
before putting a; into the merged sequence unless there is some a,' > bj appearing 
earlier than Oj on the a-tape, since we will not choose bj until the a-tape is at a value 
a,' that is larger than bj . Thus, for a and b to be merged in the lexicographically 
smallest possible way, all inversions between a and b must be forced inversions. 

In the other direction, if a and b are merged in a way that is not lexicographically 
smallest possible, consider the first place where the merged sequence differs from 
the lexicographically smallest choice. That is, consider the first step where we 
compare an element on the a tape to an element bj on the b tape and choose 
the larger of the two. Without loss of generality, say ai < bj. Por this to be the 
first deviation from the lexicographically smallest choice, we are assured that there 
are no {ai,c) inversions on the a tape for ai < bj < c, because once such a c is 
reached on the tape, we are assured that one tape or the other will have some d> c 
as its current value until either we reach the end of one tape or the other, or we 
deviate from the lexicographically smallest choice of how to merge the two tapes. 
Thus, we cannot get to the state of having ai,bj, which are both smaller than c, 
as the current states of the two tapes, without deviating from the lexicographically 
smallest merged sequence before this, a contradiction. □ 

We have already associated a tree structure T{N) to each saturated chain N. 
To define the non-essential set of A^, we will also need a set partition on [2. n]. We 
obtain this partition, denoted n(iV), from T{N) by deleting all tree edges of the 
form then taking the graph components as the partition blocks. 

Definition 8.9. The non-essential set ofN consists of those tree edges (1, i) such 
that the component of the partition U{N) containing i does not have any unforced 
inversions with other components o/n(iV). 

Proposition 8.10. Each merge step S NE{N) may appear either in the top 

interval or in a unique position below the top interval which causes the labels below 
the top interval to be decreasing. Shifting the merge step from one of these 
two positions to the other does not change tree structure. 



Proof. The first assertion follows from Lemma 8.8. To see that tree structure is 
preserved, the point is to show that the block minimums are preserved, since the 
tree edge connect block minimums at merge steps. Shifting upward to within 
the top interval or downward to the decreasing segment of labels can only change 
block minimums for blocks whose minimum element is i. However, any merge steps 
{i,j) for j > i must occur below the lower of the two positions where may 
appear. □ 
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Corollary 8.11. Let N be a saturated chain which contributes a critical cell. Then 
the labels in the interior of the top-interval of N all belong to NE{N). In addition, 
any subset of NE{N) may appear in the interior of the top interval. 

Proof. This follows immediately from Proposition 8.10. □ 

Corollary 8.12. Critical cells are arranged into Boolean algebras in , based 
on their non-essential sets, with n being the size of the non-essential set. 

Proof. This is immediate from Lemma 7.10 of the previous section. □ 

Remark 8.13. Corollaries 8.11 and 8.12 will allow us to collect all critical cells 
that are not top-dimensional, along with some top- dimensional ones, into Boolean 
algebras Bn with n>l, since all non-top-dimensional critical cells have nonempty 
non-essential set. 

Theorem 2.3 tells us that any acyclic matching on P^^ will give a collection of 
pairs of critical cells that may be cancelled simultaneously. Notice that the standard 
complete matching on each Boolean algebra i?„ for n > 1 is clearly acyclic. Next we 
show that the union of complete acyclic matchings on Boolean algebras Bn in P^ 
for n > 1 is itself an acyclic matching on P^, by showing directed cycles cannot 
involve multiple Boolean algebras. Once again, this is done by finding a suitable 
partial order on Boolean algebras, by examining what makes the Morse function 
decrease. 

Proposition 8.14. There are no directed cycles involving multiple Boolean alge- 
bras. 

Proof. Similarly to with PD(1", q), we partially order Boolean algebras of critical 
cells and show that gradient paths may only proceed from later Boolean algebras 
to strictly earlier ones in this partial order. 

Any gradient path from one Boolean algebra to another one must either alter the 
coatom in a way that makes it smaller in lexicographic order or must alter the tree 
structure by turning a pair of edges (j, k) into the pair of edges {i,k). 

Thus, we partially order coatoms lexicographically and order tree structures by 
making covering relations {i, j),{i,k) < {i,j),{j,k). Upward steps arc impossible 
in both partial orders, so we can never return to the original Boolean algebra. Thus, 
we get acyclicity of the entire matching from the fact that the matching on each 
individual Boolean algebra is acyclic. □ 

Theorem 8.15. lisn ^ homotopically Cohen-Macaulay poset. 

Proof. The optimized discrete Morse function has only top-dimensional critical 
cells, ensuring the interval (0, 1) is homotopy-equivalent to a wedge of spheres of 
top dimension. The proof extends to arbitrary intervals as follows. 

Remmel previously observed that intervals {x, y) with y 1 are shellable. Our 
discrete Morse function easily generalizes to intervals {x,l) by excluding from the 
non-essential set of a saturated chain restricted to (x, 1) any labels appearing be- 
low X. We may still define forced and unforced inversions in terms of co-atom 
permutations. □ 
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